Dimension free boundedness of 
Riesz transforms for the Grushin operator 



P. K. Sanjay and S. Thangavelu 

Abstract. Let G = — A 5 — |£| 2 J^p- be the Grushin operator on M™ x E. We prove 
that the Riesz transforms associated to this operator are bounded on L v {W l+1 ) 1 1 < 
p < oo and their norms are independent of the dimension n. 



1. Introduction 

3 Grushin ope 

written formally as 



We consider the Grushin operator G = — — |£| 2 J^- on W 1 x R which can be 



^ Jr 



where 

tf(A) = -A + A 2 |£| 2 
is the scaled Hermite operator on K n and 

f\0= f fit^e^dr) 



is the inverse Fourier transform of / in the 77 variable. In the light of this decomposition, 
we can define the Riesz transforms associated to the operator G as 



/oo 
-oo 



and 



/oo 
e-^R*(X)f\Od\ 
-oo 

for j = 1, 2, 3, . . . , n. Here, 

R.iX) = A 3 (X)H(X)-KR*(X) = MxrH(x)-^ 

are the Riesz transforms associated to the Hermite operator which has the decompo- 
sition 

1 n 

where 



2 

3=1 



A(A) = -^- + AO,^(Ar = ^- + AO 
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are the creation and annihilation operators on R n . The boundedness of these Riesz 
transforms on L p (R n+1 ) is known [JST, BG]. In [BG], the authors have proved 
the boundedness of Riesz transforms associated to a much larger class of smooth 
locally subelliptic diffusion operators on smooth connected non-compact manifold. 
In [JST] these Riesz transforms were treated as operator valued Fourier multipli- 
ers for L p (W l ) valued functions on R and the boundedness was proved with the aid 
of a result of L. Weis [W] on the operator valued Fourier multipliers. The aim 
of this paper is to prove the following theorem about the dimension free bound- 
edness of the vector of Riesz transforms TZf. That is, we consider the operator 
1Z = R 2 , • • • , R n , R{, R* 2 , ■ ■ ■ , R* n ) with 

(n n 
3=1 3=1 

and prove: 

Theorem 1.1. For each 1 < p < oo, there exists a constant C p independent of the 
dimension n, such that for all f G L p (R n x R), 

WW, < c P \\f\\ P . 

E. M. Stein introduced the notion of the dimension free boundedness for the vec- 
tor of Riesz transforms in [SI]. Stein considered the Euclidean Riesz transforms and 
proved the result using the technique of g-functions. Later this technique was adapted 
for a non-commutative situation by Harboure, et al. [HRST] to prove a similar re- 
sult for the Riesz transforms associated to the Hermite operator. Alternate proofs 
for the Euclidean Riesz transforms were provided using the method of rotations by 
J. Duoandikoetxea and J. L. Rubio de Francia [DR] and using a transference argu- 
ment by Gilles Pisier [P]. Similar techniques have been used to prove the dimension 
free boundedness of Riesz transforms in other contexts as well. Coulhon, Miiller and 
Zienkiewicz [CMZ] proved the boundedness for the Riesz transforms associated to 
the sub-Laplacian on the Heisenberg group. In two works [LP2] and [LP1] Fran- 
coise Lust-Piquard provided alternate proofs for the Riesz transforms associated to 
the Hermite operator and the Riesz transforms associated to the sub-Laplacian. Our 
proof follows a method very similar to that of [CMZ], [LP 1] and [LP2]. The method 
of rotations applied to the Euclidean Riesz transforms [DR] involves expressing the 
Riesz transforms as the average of certain directional Hilbert transforms and using the 
boundedness (independent of the direction) of these directional Hilbert transforms. 
An expression similar to this in the Heisenberg group context is obtained in [CMZ]. 
In this paper we obtain a similar representation for Riesz transforms associated to 
Grushin operators . 

We also note that Theorem 1.1 in turn implies that the Riesz transforms associated 
to the Hermite operator satisfy dimension free bounds. Since the Riesz transform for 
the Grushin operator is an operator valued multiplier for the Fourier transform on 
R, the corresponding multiplier operator for the Fourier series is also bounded by 
the same norm. This can be proved using a generalisation of a transference result 
of Karel de Leeuw [L]. The proof is similar to the proof in [ST] of the boundedness 
of the Riesz transforms on the reduced Heisenberg group using transference from the 
Heisenberg group. We refer to Theorem 2.1 and Theorem 2.2 of [ST] for details. Then 
the proof of the Hermite Riesz transforms follows by looking at functions of the form 
F(£,ri) = f{i)z ikri on R n x [0,2tt). 
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2. Riesz transforms for the Grushin operator 

We first consider the individual Riesz transforms Rj and R* for j — 1, 2, • • • , n and 
show that they satisfy dimension free bounds on L p {W l+l ) for 1 < p < oo. In order to 
do this we introduce the operators Rj and R* e which we will call the truncated Riesz 
transforms. We only give details of Rj as the other one is similar. Note that the Riesz 
transform Rj(\) associated to the Hermite operator H(\) can be written as 

RAX) = AAX)H(X)- 1 ' 2 = I" ' e-'tWr-^dr. 

V 71 " Jo 

Here e~ rH ^ is the Hermite semigroup. For e > 0, we define the truncated Riesz 
transforms Rj(X) by 

V 71 " Je* 

Then the truncated Riesz transforms R e j for the Grushin operator are defined as 

1 f°° 

Rjf(^v) = ^J e-^Wj(X)f\0dX. 

We first prove 

Proposition 2.1. For every f e L 2 {R n+1 ),R e jf ->■ Rjf in L 2 (R™ +1 ) as e ->■ 0. 
Proof. It follows from the definition that 

/ / \R e j f(ti,v)-R j f(t;,v)\ 2 dt;dr ] = f ( f \R%X)f x (£) - Rj(X)f x (£)\ 2 dt;) dX. 
The proposition follows once we show that for every A G K* 

/ \R)(X)f\0 - Rj(X)f x (Z)\ 2 dt as e 

and 

/ |^(A)/ A (0-^(A)/ A (0| 2 ^<4/ |/ A (0l 2 de- 

To see these, we expand / A in terms of scaled Hermite functions $ A (see [T] for 
definition) and use the fact that 

A,(A)^ = (2o,+2)^| A |V 2 $A +ej . 

where Cj is the canonical unit vector of M n with 1 in the j th entry and zero elsewhere. 
Then 

R%X)f(0-R>Wf X (0 = E (2aj + T /2|A|V2 f / e-PH^I^r-^dr) 
where A e = (0, e 2 ) U (1/e 2 , oo). From this, it follows that 

\\R*(X)f x - Rj (X)f% = -E S^K/ A . $ «)| 2 f / TV" 172 * 



aSN n 

_-2 



where A £iQ , = (0, (2|a| + n)|A|e ) U ((2|a| + n)|A|e , oo). From the above equation it 
is clear that 

\\RAX)f x -R J (X)f%<2\\f% 
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We also note that when 

f\o= E (/ A >*«)*«(0 

(2|a|+n)|A|<JV 

is a finite linear combination of 

||i^(A)/ A - i2,-(A)/il < 1 E e-W-^dX 

71 (2|a|+n)|A|<N V-W^U^.oc) / 

which goes to as e — > 0. As such functions are dense in L 2 (1P), we get 

||i^(A)/ A - Rj(X)f% ->■ 0, as e -> 
for any / G L 2 (M n+1 ). □ 
For the individual Riesz transforms, we have the following result: 
Theorem 2.2. For j — 1, 2, 3, • • • , n we have 

\\R 3 f\\ P +\\R*f\\ P <C p \\f\\ p ,l< P <oo 
for all f G L p (W n+1 ) where C p is independent of the dimension. 
In order to prove this result, we claim that it is enough to prove 

11*3/11, + \\R?f\\ P <c p \\f\\ P 

for the truncated Riesz transforms. A proof of this will be given in section 5 where 
we will show that (Rjf) is Cauchy in L p (IR n+1 ) and hence there exists an operator 
Sj, bounded on L p {R n+1 ) such that Rjf — > Sjf as e — > 0. In view of Proposition 2.1, 
R)f Rjf for / G L 2 (W l+1 ) and hence Sjf = Rjf. This will prove the stated 
boundedness of Rj ( and R*). Now to prove the boundedness of Rj and R* e we 
express these operators as a superposition of certain truncated Hilbert transforms. 

3. A representation for the truncated Riesz transforms 

The representation we obtain is very similar to the representation obtained in 
[CMZ] for the Riesz transforms on the Heisenberg group H n . Before stating this 
result, we recall some definitions and notation. For further details and proofs we refer 
to [T]. ^ 

Recall that as a manifold HP = C n x K. and hence we write (z,t),z = x + iy G 
C n ,t G R to denote the elements of HP. The sub-Laplacian C on the Heisenberg 

group HP can be written as the sum of the differential operators Xj = (jj^r + ^Vj§^j 

and Yj = — \xj-§^J as C = Y^=i(Xj +^j 2 )- The sub-Laplacian is homogeneous of 

degree 2 with respect to the non-isotropic dilations 5 r (z, t) = (rz, r 2 t) of the Heisenberg 
group. Hence p s (z,t), the heat kernel associated to C satisfies 

pMz,t) =r-( 2n+ V Ps (z/r,t/r 2 ). 

This also follows from the following explicit expression for q s (z, A), the inverse Fourier 
transform of p s (z,t) in the t variable, 

Mr, _ (Anr \-n ( A \ -iAcoth(sA)| 2 | 2 



fc (,,A) = J [ R (,, ( )« u «* = (4 1 r)-( 5 A c ) e-i 
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By 7T\, we denote the Schrodinger representation of the Heisenberg group i" acting 
on L 2 (R") in the following manner 

tt x (x + iy, tMZ) = e lXt e lX ^ + ^yU(Z + v)- 

When t — 0, we will denote ir\(z,t) by n\(z). n\ also defines a representation of the 
group algebra L 1 (H n ) as 



tt a (/)=/ /(^t)7r A (^*)^d* = W A (/ ; 



where W\{g) = f £n g{z) / K\{z)dz is the Weyl transform of g. The representation given 
in [CMZ] for the Riesz transforms associated to the sub-Laplacian £ is 

(Xi£-* f)(z,t) = - Afo \ n+l [ X iPl (w,s)H {WiS) f(z,t)dwds 

where if( W)S ) is the Hilbert transform along a curve in the Heisenberg group. For the 

(z t) 

Grushin operator, we obtain a similar representation involving certain operators T e ' 
and certain differential operators 

Z j =iX j + Y j ; Z* = iX,-Y 3 

with 

Xi=(—- ■ Y - ( 9 * Xj 9 

Proposition 3.1. 



' ' dxj 2 <)l J ' J \d Vj ' 2 dt 



and 



where 



R*f(Z, r] ) = ^= [ T^f^^Zjp^dzdt 

Je<\r\<l/e V Z / / T 



'e<|r|<l/e 

We follow the method in [LP2] in proving this proposition. First we prove the 
following lemma which will be used in the proof of Proposition 3.1. 



Lemma 3.2. For any e S(R n ), 
(<) MrzMO) = (4 + ^) Mr*M0) 



Proof. We first look at the derivative of ii\(rz) with respect to the variable yj 
and see that 



d , , _d 

dy 



J -7r A (rz)0(O + r7r A (rz)-f (0- 



2 AV AV ^ 
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Writing 

d(f) ( d d \ d 

and noting that 

d d(f) 
— (nxirz)^)) = iXrXjirxirz)^) + ir x (rz) — (£) 

which proves part (i). Part (ii) of the lemma follows from 

^ Mr*M0) = <Ar^-7r A (rz)^(0 + ^7r A (rz)«/>(0 



we see that 



9xj 



□ 

Proof of Proposition 3.1. The heat kernels for the sub-Laplacian and the Her- 
mite operator are related via the group Fourier transform on the Heisenberg group as 
follows: 

p a (X) = [ p s (z, t)n x (z, t)dz dt = e~ sH(x) 
We refer to [T] for a proof of this. Using the homogeneity of the heat kernel we get 

/ n x (z,t)p 1 (-, — )dzdt 



e -r 2 H(\) = r .-(2n+2) 



= r - 2n 



j n x {z)q 1 (-, -Xr 2 ) dz = n x (rz)q l (z, -Xr 2 ) dz. 
Since Rj(X) = j-Ai(\) / e<|r|<1/e e'^dr, we see that 

R*(X) = ±=( [ (- J- + Afc) 7r A (rz)?i (z, -Ar 2 ) dzdr; 

V 71 Je<\r\<l/e J C" V °Kj J 

Rf{X) = -1= / / f J" + A 0) TA(r«)?i (*, -Ar 2 ) dzdr. 

V 71 " Je<|r|<l/e JC" V^j / 

Now using the previous lemma, 



ir / A^7r A (rz)gi ( -, -Ar 2 ) cte 
Jo V 



d iXr Uj \ , , . 

1 7rA(,rzjgi(z, — Ar Jctz 



= -l^ ) fe + ^) ?l(2 '" Ar2)d2 

= - [ 7r x (rz)X jPl (z,t)e iXr2t dzdt. 
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Similarly, 



9 ir x (rz)*j q 1 -Ar 2 j dz 



Hence 



and 



= - [ n x (rz)Y jPl (z,t)e iXr2t dzdt. 
R](\) = ^=( [ n x (rz)Z jPl (z,t)e tXr2t dzdt— 

V n Je<\r\<l/e JW n r 

i^(A) = 4=/ / 7T X (rz)Z* Pl (z,t)e iXr2t dzdt-. 

V 71 Je<\r\<l/eJu™ T 



Thus 



/.",./(.;. ;/.) =4= 

/7T 



Now the proposition follows from the fact that 



/ / n x (rz)f\OZ jPl (z,t)e iXr2t dzdt—)e lXTI d\. 

Je<r<l/e JW n T J 



J n x (rz)f x (0e tXr2t e^d\ = f + r y, V + rx ■ £ + r 2 (t + ^)) 



□ 



4. A transference result 



In the previous section, we obtained a representation for the Riesz transforms as 

(z t) 

the superposition of certain operators T e v ' . To prove the boundedness of the vector of 
Riesz transforms, using the method of rotations, we need to prove that these operators 
are bounded uniformly in (z,t). 

Proposition 4.1. For 1 < p < oo, there exists a constant C p independent of 
(z,t) G HP,e > and the dimension n such that, 

W^'^ f\\ lp (Rn+i) ^ ^ II/IIlp(R"+ 1 ) • 

Proof. This will be proved using Calderon's method of transferring an operator 
on L P (X), for a measure space X, to L P (G) when the group G acts on X by measure 
preserving transformations. The measure space R™ +1 , the group HP and the group 
action 

x ' y 

U(x + iy,t)(£,ri) = {£-y,ri-t + — x.g) 

are all the same as used by Ratnakumar and Thangavelu in [RT] and we follow their 
notation. Accordingly, for / G L p (W a+1 ) and (£,77) G M ra+1 , we define the transferred 
function -F(£ lT? ) on H n as 

F (ttl) (z,t)=f(U(z,t)(t,r l )). 
For T G B{L p {M. n )), the transferred operator T on B{L p (R n+1 )) is defined as 

T o f(t,ri) = (TF K , ri) )(0). 



P. K. SANJAY AND S. THANGAVELU 



For a curve 7 = {"f(t) G M n ,t G R} and a function / on HP, the Hilbert transform of 
/ along 7 is defined as 



H,f(w,s)= [ /(( W , S ) 7 (r)- 1 ) 



1\ ^ r 



When 7 is the curve (rz,r 2 t), we will denote H y by H( z>t y By -^ zt ) we denote the 
truncated Hilbert transform where the integration is only over {r G R, e < |r| < 1/e}. 
When we transfer this operator #( e 2t ) to an operator on L p (M n+1 ) under the U action 
defined above, we get 



/ uV 

[H{ z , t) ) o m,r]) = #(, )t) %,)(0) = / F ( ^(-rz,-r 2 *)- 

-/e<|r|<l/e ' 
Je<\r\<l/e V \ A / / 



Hence we see that, (H^ zt ^) = T^ z ' l \ Now our aim is to prove 

ll^i Z '* ) /l|LP(R™+ 1 ) < C P ||/||lp(IR™+ 1 ) 



This can be obtained using the transference method from the uniform boundedness of 
the operator Hf t y To be precise, we use the fact that there exist a finite constant C p , 
independent of (z,t) G HP, n and e > such that 

II#(WHp ^ C v\\f\\v 

A proof of the above fact is indicated in [CMZ]. We will present it at the end of this 

(z t) 

section after proving the boundedness of Te . Then 

/ \T^m,v)\ P dCd V = [ \Hl Ztt) F& v) (0)\>dZdn 

= / \ H (z,t) F u(w,sm v ){0)\ p d£dri 

because of the invariance of the measure d£, drj under the U action. Hence 

/ \T^f^,r ] )\^dr ] = —^—[ [ \Hl Z!t) F u{W:Smv) (0)\^drjdwds 

= IrL / / \ H {z,t) F (t,ri) ( W > S ) \ P <% d7 l dw ds 

where B R (0) is the ball centred at origin in the Heisenberg group and radius R under 
the Koranyi norm \\(w, s)\\ = (|w| 4 + |s| 2 ) 1//4 . When (w,s) G B R (0), and e < \r\ < 
l/e,(w,s)(6 r (z,t)) 1 G B R+ h(0) where h is the Koranyi norm of (z,t). Hence, in 

the above equality F^^ can be replaced by F^^ = F^^ ■ XB R+h/e (®)- Now an 
application of Fubini, we get 

WT^ft < Tjrm [ [\Ht, A F { t,ri){w,8)\>dwd8dZd V 

\Br{U)\ J R n + lJ M n 
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Now, from the uniform boundedness of the truncated Hilbert transforms, we get, 
WT^'VWl < C p —±— f [ \F^ v) (w,sWdwdsdtd V 

1-DRlUJl Jr" +1 Jw 1 

= C *>TJTm f I \f(U{w,s){i, v ))\ p did v dwds 

\ B R{V)\ JB R+h/e (0) JR"+^ 



again by the invariance d^drj under the U action. Letting R — > oo, we see that 

\\Te Z '^f\\LP(R") < C p || /|| LP(Rn) 

Coming back to the boundedness of Hf z t y we can use a technique in Lemma 3.1 of [S2] 
to reduce this to the boundedness of H* on L P (IR 2 ) for the curve 7 = {(t,t 2 ),t G M} 
Recall that 

f dv 
H( Zj t)f(w,s)— I f(w — rz,s — r 2 t — rlm(w.z)) — . 

Jr r 
For o G U(n), define p(a)f(w, s) = f(aw, s). Then 

H M (p(a)f)(w,s) = / f(aw-raz, s - r 2 t - rlm(w.z)) — . 

Jr r 

p(^ 1 )iJ (Zit) (p( ( T)/)(«;,s) = # (Z)t) (p((7)/)((7-V «) 

= / f(w — raz, s — r 2 t — r Im (a~ 1 w.z)) 
Jr 

f(w — raz, s — t — r Im (w.az)) 



dr 
r 

dr 
r 



Since ||p(cr)/|| p = ||/|| p and since there exists a G U{n) such that p(cr)(x + iy) = X\t\, 
it is enough to consider the operator 



f -> [ f(u 1 -rx 1 ,w',s-r 2 t-rv 1 x 1 )- 
Jm 



dr 
r 

which is equivalent to the operator 



T( x ,t,v)f(u,s) = [ f(u-rx,s -rH-rvx) — 
Jr r 



acting on functions defined on R 2 . For Ai, A 2 > 0, let 

<5ai,a 2 /Ks) = f(X 1 u : X 2 s). 
Then ||5a 1 ,a 2 /II p = (AiA 2 )- 1 / p ||/|| p and 

dr 



Si/x 1 ,i/\ 2 T {x!ttV )5 Xu x 2 f(u, s) = f(u - rXiX, s - r 2 \ 2 t - rX 2 vx)- 

Jr 



r 



Since we can choose Ai, X 2 such that Aix = X 2 t = 1 it is enough to get uniform esti- 
mates for operators of the form Tji^o). That would imply that 
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||?(x,t,i;)/||p = \\Sx 1 ,X 2 T(l,l,vx/t)5i/X u i/X 2 f\\p 

= (AiA 2 )" 1/p ||T( lilira / t )5 1 / Alil / A2 /'||p 
< (AiA2) _1/p Cp||5i /Ali i/ A2 /||p 
= (AiA2) _1/p Cp(AiA 2 ) 1/p ||/||p. 
Now consider T a f(u, s) = f(u, s + au) so that ||t /|| p = ||/|| p . Since 

T {1Xa) (r- l f)(u,s) = f {T- l f){u-r,s-r 2 -ar)^- 
Jr r 



f dv 
= / f{u — r,s — au — r 2 ) — , 

Jr r 



we have 

r a T {1Xa )(r~ l f)(u, s) = T (1Xa) (r~ l /)(«, s + au) 

ft z\ dr 
j [u — r, s — r ) — . 

r 



This is the Hilbert transform along the parabola 7(7") = (r, r 2 ) in R 2 . Since 

{<J r (l,l) ifr>0 
if r = 

<M-M) ifr<0 

and the linear space spanned by {7(^)} r>0 and the linear space spanned by {7(V)} r <o 
are the same, namely M 2 , 7(7") is a two-sided homogeneous curve (see Def 3.1 in 
[SW, p. 1261]). Now we can appeal to Theorem 11 of [SW, p. 1271] to get the 
uniform boundedness of the truncated Hilbert transforms H^ zt ^ on L p (H n ). That is, 
there exist a finite constant C p , independent of (z,t) G H n , n and e > such that 

\\H{ z , t) f\\ p < C p \\f\\ p . 

□ 

5. Proof of the main theorem 

We first prove Theorem 2.2 regarding the boundedness of the individual Riesz 
transforms Rj and R*. 

Proof of Theorem 2.2. We first consider the operators Rj and R* e . In the light 
of Proposition 3.1 and Proposition 4.1, we just need to prove that there exist a finite 
C, independent of n such that 

\\ZjPi(z,t)\\ L i (mn) , \\Z!jpi(z,t)\\ L i(B») < C. 

As mentioned in Lemma 3 of [CMZ], this follows from the fact that 

Pr(z!,Z 2 ,--- ,Zn,t) = p\{z U •) * p\{z 2 , •), * ' • ' , *pl(z n , -)(t) 

where p™ is the heat kernel on H n . Now for the operators Rj and R*, we need only 
to show that (Rjf) , (Rj e f) are Cauchy in L p (M. n+1 ). We have already seen that 
\\Rjf\\p < C||Ti 2 '*V|| P and so it is enough to prove that T e (z ' t] f is Cauchy in L p (R n+1 ). 
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During the course of the proof of Proposition 4.1, we had observed that the operator 
Te Z '^ is obtained by applying a transference on Hf ^ and that 

||^'* ) /IUf(IR"+ 1 ) < || |U*>(H™)- 

Being truncated Hilbert transforms H\ zt )f * s Cauchy in L p (H n ) [SW, Theorem 11], 
and consequently, so is Te Z,€) f . □ 

Now we complete the proof of our main theorem. As mentioned during the dis- 
cussion of Theorem 2.2, we only need to prove the boundedness of the operator lZ e 
obtained by replacing Rj and R* by their truncated versions. We will be closely 
following [LP1] in proving this and so will skip some details. Using the property 

1 dpi 1 dpi 1 dpi 

r dr Xj dxj ij, ih/j 

where r — \z\, we can rewrite 



l ~r [ (*i-Vi)Ti z 'V&v)^(z,t)dzdt 

s/Tl J M n at 



+ 2^ 
and 

R*/m,v) = A=f fa - yj )T^f(C, V )-^(z,t)dzdt 
For a fixed (£, rj) we can choose Ai, A 2 , . . . , A 2n such that Yl%i \^j\ 2 = 1 an d 

n 

\K £ f(Z,ri)\ = E (*sRjf(Z,v) + *i+nR?f{Z,vj) 

3=1 

Now using the triangle inequality, Holder's inequality and also Lemma 2(a) of [LP1], 
we get 

+ C||T e ^)/(e,7 7 )|| iP( ^ d2dt) ||x 1 || LP , ( ^ d2dt) 

where C is a universal constant. Now the theorem follows from Proposition 4.1 and 
an application of Minkowski inequality along with the fact (proved in [LPl])that 

[ \ Xl \ p -^dzdt, [ \ Xl \ p ^dzdt <A p ,p> 0, 

where A p is independent of the dimension. 
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